Introduction
In this article, we describe invariant subspaces of a multiple shift operator on the Hardy space
(1 ≤ p < ∞) of all analytic functions f on the unit disk D := {z ∈ C : |z| < 1} such that
The usual shift operator S is defined on H p by (Sf )(z) = zf (z).
The multiple shift operator is S n with n ≥ 2 : (S n f )(z) = z n f. A subspace (closed) E in H p is called a nontrivial invariant subspace for an operator A ∈ B(H p ), the Banach algebra of all bounded linear operators acting on H p , if {0} ̸ = E ̸ = H p and AE ⊆ E, i.e. Af ∈ E whenever f ∈ E.
The description of invariant subspaces of the shift operator S on some Hilbert or Banach spaces of analytic functions on D is well investigated and readers can consult, for instance, [5, 6, [9] [10] [11] 17] and their references. However, the same question for the multiple shift operator S n , n ≥ 2, apparently is not well studied. Here we will describe S n -invariant subspaces in terms of so-called Berezin symbols for any n ≥ 1 (Theorem 2) . In terms of Berezin symbols we also discuss invariant subspaces of some class of operators on the so-called standard reproducing kernel Hilbert space in the sense of Nordgren and Rosenthal [18] (Theorem 5) .
Furthermore, we describe invariant subspaces of some stretching operators (T w f ) (z) = f (wz), where w ∈ D (Theorem 1) .
Recall that a reproducing kernel Hilbert space H = H(Ω) is the Hilbert space of complex-valued functions on some set Ω, say, in the complex plane C , such that the evaluation functionals ϕ λ (f ) := f (λ), λ ∈ Ω, are continuous on H . Then, by the classical Riesz representation theorem, for each λ ∈ Ω there exists a unique [3, 4] )
where the inner product ⟨, ⟩ is taken in the space H . It is clear that sup
is called the Berezin set of operator A and it is obvious that Ber(A) is contained in the numerical range
It is also clear that
which is called the Berezin number of A, satisfies
x ∈ H and ∥x∥ = 1} (the numerical radius) ≤ ∥A∥ .
Note that these new numerical values of operators on the reproducing kernel space H(Ω) were introduced originally by Karaev [12] ; see also [7, 8, 13−16] for more fact about Berezin sets and Berezin numbers of operators.
Berezin symbols and invariant subspaces of stretching and multiple shift operators
Let D ⊂ C be the open unit disk in the complex plane and w ∈ D. Let T w :
It is well known that T w is compact, and if p = 2 , then T w is self-adjoint if and only if w ∈ R.
Here we use the Berezin symbols and diagonal operators technique to describe the lattices of invariant subspaces of the stretching operator T w with w ∈ (0, 1), and multiple shift operators S n with n ≥ 1 acting on the Hardy space
For any bounded sequence (a n ) of complex numbers, let D (an) be a corresponding diagonal operator defined on the Hardy-Hilbert space
.., with respect to the orthonormal
The following describes Lat(T w ) in terms of Berezin symbols.
k! is the k th Taylor coefficient of f.
Proof
Indeed, let z : D → D and u : D → D be two arbitrary independent variables in D, and let
.. and some C p > 0 (for 1 < p ≤ 2, it follows, for example, also from the
By considering this, and also by using that z = |z| e ik arg(z) , where 0 ≤ arg(z) < 2π , then we have for any f ∈ E that
Hence,
for every z ∈ D . It follows from (1) that T w f ∈ E if and only if there exists a function g = g f ∈ E such that
, which proves the theorem. 2
The next theorem describes Lat(S n ) in terms of Berezin symbols.
Theorem 2 Let
, be a nontrivial closed subspace and n ≥ 1 be any integer. Then
S n E ⊂ E if and only if for every f ∈ E there exists a function
Proof Let f ∈ E be arbitrary. Then we have
and here we put f (−n) = f (−(n − 1)) = ... = f (−1) = 0. Then, as in the proof of Theorem 1, we obtain that
It follows now from (2) that S n f ∈ E if and only if
and thus S n f ∈ E if and only if there exists a function
This proves the theorem. 2
Our next result characterizes S-invariant (usual shift-invariant) subspaces in terms of Berezin sets. Before stating it, let us note the following.
The class ℓ
∈ ℓ ∞ (the classical space of all bounded sequences of complex numbers).
Given any subspace E ⊂ ℓ ∞
A , we put
) and
) .
We need the following lemma due to Ash and Karaev [2] .
, and here θ ∈ [0, 2π) is an argument of z in its polar decomposition z = |z|e i arg(z) .
Theorem 3 Let E ⊂ H p , 1 ≤ p < +∞, be a nontrivial closed subspace. Then SE ⊂ E if and only if
Proof We have from Theorem 2 for n = 1 that SE ⊂ E if and only if for any f ∈ E there exists a function
By virtue of Lemma 1, we have then that
Hence, for any z ∈ D there exists ϑ = ϑ z ∈ D such that
Since
we have that g ∈ zE, and hence g(0) = g(0) = 0. Also, by considering that
By considering this and formulas (3) and (4), we have 
This shows that SE ⊂ E if and only if for every
f ∈ E there exists g ∈ zE such that Ber( D ( f (k−1)e ikθ ) ) ⊆ Ber( D ( g(k)e ikη ) ) for al θ ∈ [0, 2π). Thus, SE ⊂ E if and only if ∪ f ∈E θ∈[0,2π) Ber(D ( f (k−1)e ikθ ) ) ⊆ ∪ g∈zE η∈[0,2π) Ber(D ( g(k)e ikη ) ), or equivalently, B E ⊆ B zE = B SE , as desired.
Definition 1 We say that an operator A : H(Ω) → H(Ω) on the reproducing kernel Hilbert space H = H(Ω)
where Proof The proof is similar to that of Theorem 4 in the author's previous paper [20] , where a similar result is proved for compact operators; however, for completeness reasons, we provide it here. For this aim, let (e j (z)) j≥1
be an orthonormal basis in E (since H is a reproducing kernel Hilbert space, it is separable, and since E is a closed subspace of H , E is also separable). Then it is clear that
⟨f, e j ⟩ e j for every f ∈ H . Now by setting 
as λ → ζ ∈ ∂Ω for any ζ.
